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ABSTRACT
In this paper, we investigate whether hypothetical Earth-like planets have high
probability of remaining on stable orbits inside the habitable zones around the stars A
and B of α Centauri, for lengths of time compatible with the evolution of life. We in-
troduce a stability criterion based on the solution of the restricted three-body problem
and apply it to the α Centauri system. In this way, we determine the regions of the
short-term stability of the satellite-type (S-type) planetary orbits, in both planar and
three-dimensional cases. We also study the long-term stability of hypothetical planets
through the dynamical mapping of the habitable zones of the stars. The topology of
the maps is analyzed using the semi-analytical secular Hamiltonian model and possi-
ble processes responsible for long-lasting instabilities are identified. We verify that the
planetary motion inside the habitable zones is regular, regardless of high eccentricities,
for inclinations smaller than 40◦. We show that the variation of the orbital distance of
the planet located in the habitable zones of the binary is comparable to that of Earth,
if the planet is close to the Mode I stationary solution. This result brings positive
expectations for finding habitable planets in binary stars.
Key words: celestial mechanics; stars: binaries: general; planets and satellites: dy-
namical evolution and stability; planets and satellites: individual: α Centauri;
1 INTRODUCTION
About 50% of the known main-sequence-stars belong to
the class of binary or multiple stellar systems (Abt 1979;
Duquennoy & Mayor 1991; Raghavan et al. 2010). Due to
inherent difficulties in monitoring the radial velocities of
multi-star systems, these systems have been mostly ignored
by researchers performing searches for extra-solar planets.
However, in last years, due to improving precision and ad-
vances of detection methods, binaries have become increas-
ingly interesting targets of planet searches, and several re-
search programs looking for planets in binary systems are in
progress.
The α Centauri binary is of special interest. Being the
closest stellar system to the Sun, as well as composed of
two stars very similar to the Sun, it has been always a ma-
jor target for extrasolar planet surveys, although it was not
until recently that a putative planet has been found or-
biting around α Centauri B with a period of 3.236 days
(Dumusque et al. 2012; for an opposing view see Hatzes
2013). Furthermore, studies of the planet formation suggest
⋆ E-mail: eduardo.andradeines@iag.usp.br
that more planets around the star B may exist, particu-
larly inside the Habitable Zone (HZ) (Guedes et al. 2008;
The´bault et al. 2009). Although these planets are yet to be
discovered in binary systems, recent works have shown that
terrestrial planets can form and have a stable orbit around
a star of a binary in a close S-type system, depending on
the binary orbital and physical parameters (Haghighipour
2006; Haghighipour & Raymond 2007; Quintana et al. 2007;
Eggl et al. 2013; Kaltenegger & Haghighipour 2013).
The high mass of the disturbing stellar companion and
the frequent high eccentricity/inclination of its relative or-
bit make the perturbation theories based on classical La-
grangian expansions inapplicable in this case. A possible ap-
proximation is the expansion of the disturbing function using
the Legendre polynomials (Heppenheimer 1978; Ford et al.
2000; Laskar & Boue´ 2010). However, although this devel-
opment avoids the constraints due to the high eccentricities
and inclinations, its convergence is very slow, allowing its
application only in the case of hierarchical systems (Nelson
2000; Boss 2006; Haghighipour 2006; The´bault et al. 2009;
Eggl et al. 2013).
An alternative to overcome the problem is the extension
of a perturbation theory up to second order in the disturber
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mass. This was done in Giuppone et al. (2011), where the
developed model was applied to the γ Cephei binary system.
Although the results obtained have shown an improvement
over the first-order model, the authors have emphasized that
the model was not workable due to its high complexity; thus
they preferred the use of empiric correction terms, specific
for the γ Cephei configuration.
In this work, we perform a study of the stability of the
planetary motion in binary systems combining the analyti-
cal and numerical approaches. For this, the stability concept
is separated into the short-term stability and the long-term
stability. The short-term stability is based on the Hill cri-
terion, which does not require any kind of expansion and
averaging of the disturbing function. In such a way, it does
not introduce the constrains on neither the mass of the dis-
turbing body nor the eccentricity/inclination of its orbit.
The Hill criterion is a powerful approach, which has
been used for over a century (Hill 1878); an in-depth re-
view of its applications can be found in Szebehely (1984).
Analytical approaches based on the Hill stability concept
have been developed in Marchal & Bozis (1982), Gladman
(1993), among others, also as some empirical relations be-
tween stable orbits and the physical parameters of the binary
(Graziani & Black 1981; Black 1982; Pendleton & Black
1983; Rabl & Dvorak 1988; Holman & Wiegert 1999). In
our paper, we develop a variation of the Hill approach, re-
ferring to it as Maximum Apocentric Distance (or MAcD–
criterion), and apply it to the α Centauri stars A and B.
To simplify the applications of the method, we present the
explicit formula for the maximal apocentric distances as a
function of the physical and orbital parameters of the stellar
binary.
The study of the long-term stability of a binary-planet
system (of the order of the lifetime of the stars) is done for
the S-type (satellite type) planetary motion, when the planet
revolves around one of the stellar components (Dvorak et al.
1986). The planet motion is modeled semi-analytically in the
frame of the secular three-body problem (Michtchenko et al.
2006) and applied to the α Centauri hypothetical Earth-like
planets placed in the HZs of the stars A and B. The topol-
ogy of the phase space is investigated, without any restric-
tion on the magnitude of the eccentricities and inclinations
of the planets. The boundaries of the secular stability of the
system, as a function of the masses and the orbital parame-
ters of the planets, are then obtained. Notwithstanding the
averaging being done at first order in masses, the relatively
large separation between the stars allows a good agreement
of the analytical results with those obtained numerically.
The direct numerical investigations are done through the
dynamical mapping of the regions of habitability of both
stars in the α Centauri system.
The physical and orbital parameters of the α Centaury
binary used in this paper were taken from Pourbaix et al.
(2002). They are the masses of the components A and B,
mA = 1.105 ± 0.0070M⊙ and mB = 0.934 ± 0.0061M⊙,
respectively, and the eccentricity e = 0.518±0.0013 and the
semimajor axis a = 17.57 ± 0.022 arcsec (or a = 23.4 ±
0.03AU, if the parallax of 746.8 ± 1.2 mas is adopted) of
the relative orbit.
This paper is structured as in the following. In the next
section, we study the short-term stability of the system, in-
troducing a stability criterion and applying it to both the
planar and 3D cases for planets on S-type orbits. In Sec-
tion 3 we study the long-term stability, applying the semi-
analytical 3D model and comparing the results to those ob-
tained through dynamical mapping. In Section 4, we inves-
tigate whether the planets remain inside the HZ around the
central star, regardless of large amplitudes of short-term os-
cillations provoked by the stellar companion. Finally, the
summary is given in Section 5.
2 SHORT-TERM DYNAMICAL STABILITY
In this section, we introduce the stability criterion for S-type
planetary orbits in binary star systems based on the concept
of the Hill stability (Marchal & Bozis 1982; Gladman 1993,
among others) and apply it to both the planar and 3D mo-
tions of the fictitious planets in the α Centaury system.
2.1 Planar model
Our approach is based on the classical solution of the re-
stricted three-body problem and, in particular, on the Zero
Velocity Surface method. Zero velocity surfaces are levels of
the S(~r)–function defined by the position of the planet with
respect to the two stars (Marchal & Bozis 1982). The posi-
tion vectors are defined with respect to the center of mass
of the system in the non-inertial rotating reference frame, in
which the two stars always lie along the x–axis.
Let us consider a system composed by two stars, 1 and
2, and a planet p. The S(~r)– function, also known as Jacobi
integral or relative energy, can be written as
S(~rp) =
∑
i
mi
M
[
(~rp − ~ri)2
d2
+
2d
|~rp − ~ri|
]
, (1)
where mi and ~ri (i = 1, 2) are the stellar masses and the
position vectors and ~rp is the position vector of the planet;
M is the total mass of the system and d = |~r1−~r2|. Figure 1
shows the positions of the stars m1 and m2 separated by the
distance d. In the rotating frame, the function S(~rp) allows
five equilibrium solutions (three co-linear and two triangular
Lagrangian points), all located in the plane of the motion of
the stars, which will be chosen as a reference plane. For our
purpose, the co-linear solutions, and, particularly, L1 solu-
tion, are of special interest. These solutions are located on
the x–axis and their co-ordinates can be obtained searching
for singular points on the surface (1), where the vectors ~r
are just replaced by scalar x–component of the correspond-
ing body.
It should be noted that the expression (1) was developed
in the uniformly rotating reference frame, when two stars
move on circular orbits around the baricenter of the system
and their mutual distance d is unchanged. To apply it to
the case when the stars have elliptic orbits, it is reasonable
to adopt a minimal value for d, when the stars are at the
pericenter of their relative orbit. In this configuration, the
perturbations on the S-like planetary orbit are maximal and
possible instabilities may appear.
Figure 1 shows the projection of one zero-velocity sur-
face on the reference plane (red curve); the surface was calcu-
lated using the orbital elements of the α Centauri binary and
the minimal distance between the stars. This level holds the
c© 0000 RAS, MNRAS 000, 000–000
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Figure 1. Zero velocity curve corresponding to the Lagrangian
L1 solution (red curve), obtained for the stars at the pericenter of
their relative orbit. The circumferences of stability, of radii R1cr
around m1, and R2cr around m2, are shown by blue and green
curves, respectively.
Lagrangian solution L1, which appears as a singular saddle-
like point on the x–axis. The same level intersects the x–axis
at two other points; the positions of these points, xicr, can
be calculated from the condition
S(xicr)− S(xL1) = 0, i = 1, 2. (2)
We assume that these intersections define a sphere of
stability around each star. By definition, the sphere of sta-
bility is centered on the corresponding star and its radius is
given by Ricr = |xicr − xi|, where xicr is the abscissa of the
closest to the star intersection, while the abscissa of the star
is xi. The projections of the spheres of stability on the ref-
erence plane are shown in Figure 1, as a blue circumference
centered on the star 1 and a green circumference centered
on the star 2.
It is worth noting that Equation (2), which is just a
polynomial function of xicr, can be easily solved numerically.
For the sake of simplicity, we present here approximate ex-
pressions that allow us to obtain the radii. The expressions
are obtained applying the method of least squares. Without
loss of generality, we assume that the star 1 is a central star,
while the star 2 is a perturber. In the case when the stellar
mass ratio µ = m2/m1 belongs to the interval 0.1 6 µ 6 1.0,
the radius of the sphere of stability is given as
Rcr/a ≈ 0.66823 − 0.63740e − 0.74549µ+
+0.45496eµ + 1.0492µ2 − 0.23179eµ2+
−0.87722µ3 + 0.31541µ4 ,
(3)
where a and e are the semimajor axis and the eccentricity
of the stellar relative orbit, respectively. For the stellar mass
ratio µ = m2/m1 from the interval 1.0 < µ 6 10.0, the
radius of the sphere is given as
Rcr/a ≈ 0.45265 − 0.41921e − 0.070754µ+
+0.039617eµ + 0.010865µ2 − 2.1394 × 10−3eµ2+
−9.3729 × 10−4µ3 + 3.3886 × 10−5µ4.
(4)
Both approximations have errors smaller than 10% of
the exact solutions, for 0 6 e 6 0.9. The error drops to less
than 4%, considering the interval of eccentricities 0 6 e 6
0.7.
Now we introduce our criterion of stability. It states that
Figure 2. Dynamical Power Spectrum: the proper oscillation fre-
quencies as functions of the semimajor axis of the planet orbiting
the star α Centauri A, in logarithmic scale. The top axis is the
planetary semimajor axis in unit of the semimajor axis of the
binary relative orbit. The frequency unit is 1/yr.
the stable motion of the planet orbiting one of the stars must
satisfy, at any instant, the following condition
ap(1 + ep) < Rcr, (5)
where ap and ep are the planetary osculating semimajor axis
and eccentricity, with respect to the corresponding central
star, and Rcr is the radius of the sphere of stability of this
star. The interpretation of the expression (5) is simple: since
the orbital evolution of the planet is confined to the inside
of the circumference of radius Rcr, even at the most distant
position from the central star (at apocenter), the stability of
this motion is guaranteed by the deficit of the relative energy
(1) needed to cross the zero-velocity level holding the L1
solution. It is worth noting that, due to the restricted three-
body approximation, the size of the domains of stability is
defined by solely the physical and orbital parameters of the
stars.
Hereafter we will refer to our criterion as Maximum
Apocentric Distance or MAcD–criterion. It assures that
planetary orbits that exceed the critical distance with re-
spect to the central star (equivalent to the radius of the
sphere of stability of this star) will be unstable. However, it
is worth stressing that this condition does not guarantee the
long-term (of order of the lifetime of the stars) stability of
the planet motion. The secular dynamics of the system and
its stability will be discussed in Section 3.
2.2 Application to the α Centauri AB System
In this section, we apply the MAcD–criterion to analyze the
stability of planetary S-type orbits in the α Centauri AB
binary.
The first step is to determine the radii of the spheres of
stability of the stars A and B. In the case when the star A is
a central star and the star B is a perturber, the stellar mass
ratio is µ = mB/mA = 0.849 < 1.0 and the expression (3)
must be used. In the case when the central star is B and the
perturbing star is A, µ = mA/mB = 1.178 > 1.0 and the
c© 0000 RAS, MNRAS 000, 000–000
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expression (4) is applied. As a result, for given values of the
semimajor axis and eccentricity of the relative stellar orbit,
a = 23.4AU and e = 0.518, we obtain the critical distances
for the stars A and B as RAcr = 4.7AU and R
B
cr = 4.4AU,
respectively. The spheres of stability of the stars A and B
are shown in Figure 1, where m1 = mA and m2 = mB .
In the following step, we numerically integrate the sys-
tem, in order to determine the stability of the planetary or-
bit defined by the condition (5). In this stage, the choice of
the suitable time-length is important: it should be neither
too large to raise the computational costs, nor too small
to lose information on the proper oscillations in the plane-
tary motion. These oscillations are usually separated in the
short-period terms, associated with the Keplerian motions
of the planet and the perturbing star, and the long-period
secular terms, associated with the precession of the plane-
tary orbit. Eventually, depending on the ratio of the mean
motions of the planet and the perturbing star, there are
also mean-motion resonance terms whose periods are inter-
mediate lying between the short and the long periods; the
resonant conditions will not be studied in this paper.
Although the MAcD-criterion is applied to assess the
short-term stability of the planet motion, the long-period
secular terms are still important. This is due to the fact
that, during the precession, the pericenter line of the plane-
tary orbit becomes, at some instant, aligned with the peri-
center line of the orbit of the binary. If, at this instant,
the perturbing star is at the pericenter of its relative orbit,
the short-period perturbations become more intense and in-
stabilities may appear. Thus, the choice of the integration
timespan must account for the proper secular period of the
planetary motion.
To determine the secular period, we apply the Dy-
namical Power Spectrum method (Michtchenko et al. 2002;
Ferraz-Mello et al. 2005). This method is based on the
Fourier decomposition of oscillations of the orbital elements
and provides an information on the proper frequencies of
the system under study and their evolution with changing
parameters. In our study, we have chosen the semimajor
axis of the planet as a parameter, which varied in the range
between 0.5AU and 3.5AU. The proper frequencies of the
S-type planet orbiting α Centauri A obtained for each value
of planetary semimajor axis over 105 years, are presented
in Figure 2. We can clearly observe the presence of the
three distinct frequency bands associated to three degrees-
of-freedom of the problem. The first band, located in the
high-frequency interval −2.0 < log(f) < 0, is composed of
the orbital frequency of the planet, fp, and its linear com-
binations with other proper frequencies. According to the
third Kepler’s law, this frequency decreases with decreasing
ap. The second band is confined to the very close neigh-
borhood of log(f) = −1.9 and corresponds to the orbital
frequency of the binary relative orbit, fstar.
The third band is located in the low-frequency interval
−5 < log(f) < −3 and corresponds to the secular frequency,
f∆̟. This frequency tends to increase with increasing ap,
due to increasing perturbations on the planetary orbit from
the stellar companion. The overlap of the bands occurs at
ap > 2.5AU, introducing the long-term instabilities in the
planetary motion. The dense vertical lines visible already
at ap > 2.0AU in Figure 2, are associated with the mean-
motion resonances in this region. Finally, for ap > 3.0AU,
mostly all orbits are disrupted during 105 years.
From Figure 2, we obtain that the secular period of the
planet in the α Centauri system varies approximately from
103 years up to 104 years. Assuming the integration times-
pan within this range, we can now numerically integrate the
planetary path, in order to verify the stability of the system
defined by the condition (5).
The quality of the prediction obtained with the MAcD-
criterion can be verified by constructing dynamical maps
around each star of the α Centauri binary. For this, we use a
grid of 384×100 initial conditions on the (ap, ep) representa-
tive plane and a terrestrial planet of massmp = 5×10−5M⊙.
Without loss of generality, we fix the initial values of the
mean longitudes at λA = λB = 0
◦ and of the longitudes of
pericenter at ∆̟ = ̟A,B − ̟p = 0◦ and 180◦. Each ini-
tial condition is numerically integrated using two different
timespans: one is equal to 103 years (∼ 12.5 orbital periods
of the binary) and the second is equal to 104 years (∼ 125
orbital periods of the binary), which cover, respectively, ∼ 1
and ∼ 10 secular periods at ap ≈ 3AU.
The solutions obtained are then analyzed applying the
MAcD-criterion, in order to calculate the maximal apoc-
entric distances that the planet reaches over the assumed
timespan. The values obtained are presented using the grey
scale code in Figure 3, where the domains of the strongly
unstable motion characterized by collisions and escape of
the planet are dashed. On the planes we also plot, by the
red curves, the levels whose values correspond to the radii
of the spheres of stability, obtained using Equations 3 and
4 as 4.7AU, for the star A, and 4.4AU, for the star B.
As expected, the apocentric distances increase with the
increasing planetary semimajor axis and decay with the in-
creasing eccentricity. In the domains of the regular motion,
the levels are smooth functions of the orbital elements of
the planet. This behaviour is changed when the initial con-
ditions approach the domains of the unstable motion, whose
boundaries are defined, according to our MAcD-criterion,
by the critical distances shown by the red curves in Figure
3. In this case, the critical levels show erratic behaviour,
characteristic of chaotic orbits. It is worth noting the good
agreement between the positions of the critical levels (red
curves) and the boundaries of the domains of instabilities
provided by purely numerical simulations. This confirms the
quality of our criterion predictions. Moreover, the compar-
ison of the topology of the dynamical maps obtained over
1 secular period of the planets (top row in Figure 3) and
those obtained over 10 secular periods (bottom row), shows
no significant differences. This means that the time-length
of 1 secular period is a good choice for the application of the
MAcD-criterion.
2.3 Comparison with the Holman & Wiegert
(1999) criterion
A similar criterion was proposed in Holman & Wiegert
(1999): it states that, for planetary motion around one of the
stars to be stable, the initial value of the semimajor axis of
the planet must obey a relationship ap < Fcr(a, e, µ), where
Fcr is a function of the physical and orbital characteristics
of the stars. By means of a series of numerical integrations,
the authors have found an empirical expression for Fcr as
c© 0000 RAS, MNRAS 000, 000–000
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Figure 3. Dynamic maps around α Centauri A (left panels) and B (right panels): short-term stability in the planar case. The grey scale
code represents the maximal (apocentric) distance of the planet from the central star during 103 yr (top panels) and 104 yr (bottom
panels) of evolution; the bars relate the grey tones to the values of the apocentric distances (in astronomical units). The positive and
negative values along the x-axis indicate that the initial values of ∆̟ are 0◦ or 180◦, respectively. The hatched regions correspond
to the ejected from the system planets. The red curves correspond to levels of the radii of the stability spheres (RAcr = 4.7AU and
RBcr = 4.4AU). The blue curves show the critical distances given by the Holman & Wiegert (1999) criterion of stability, while the cyan
curves show the boundaries of the corresponding grey areas (see text for details).
Fcr(a, e)/a = (0.464 ± 0.006) + (−0.380 ± 0.010)µ+
+(−0.631 ± 0.034)e + (0.586 ± 0.061)µe+
+(0.150 ± 0.041)e2 + (−0.198± 0.047)µe2,
(6)
where µ = mB/(mA +mB) and a and e are the semimajor
axis and the eccentricity of the stellar relative orbit, respec-
tively. The approximation is valid in the range 0.1 6 µ 6 0.9,
for 0.0 6 e 6 0.8, with the error smaller than 11% (as
claimed by the authors). In their approach, the authors as-
sumed that the planet orbits were initially circular, which
means that the results obtained using Equation (6) are valid
only along the y–axis in Figure 3. For purpose of compari-
son with our criterion predictions, we re-write the Holman
& Wiegert (1999) criterion as ap(1+ ep) < Fcr and apply it
to the α Centauri binary.
The result is shown by the blue curves in Figure 3. The
correlation with the MAcD–criterion is notable, but it is
clear that the Holman & Wiegert (1999) criterion overes-
timates the instabilities in the planet motion, in this way,
excluding from the study a significative portion of still sta-
ble configurations. It is worth noting that the Holman &
Wiegert (1999) criterion (6), also as other empirical cri-
teria (e.g., Rabl & Dvorak 1988, Pilat-Lohinger & Dvorak
2002, Fatuzzo et al. 2006, among others), introduces a con-
cept of grey area in the parameter space of the problem,
in which the state of a system changes from stability to in-
stability (Haghighipour 2010, Chapter 11). The grey area is
defined as the confidence interval which measures the relia-
bility of the estimation obtained from the fitting procedure.
Applying the formula (6) to the α Centauri system and us-
c© 0000 RAS, MNRAS 000, 000–000
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ing the traditional law of error propagation (Ku 1966), we
obtain the confidence intervals for the stars A and B as
FAcr = 2.80 ± 0.64AU and FBcr = 2.54 ± 0.69AU, respec-
tively. The borders of the corresponding grey areas on the
(ep,ap)–plans are shown by the cyan-colored curves in Fig-
ure 3. However, it must be emphasized here that the grey
area idea does not apply to the MAcD–criterion (5), which is
founded on the basic concept of the Hill stability and cannot
be interpreted in statistical terms. Due to short time inter-
vals of numerical integrations, the method can still originate
effects analogous to ‘grey areas’ (seen as red-colored zones in
Figure 3), but these zones rapidly decrease with increasing
integration timespans.
Also, it is worth noting here that the purposes
of both methods are different. The purpose of the
Holman & Wiegert (1999) criterion is a prompt estimation
of the stability of one initially circular configuration of a pu-
tative planet in the binary, given the distance of the planet
to the central star. Notwithstanding the facility in imple-
mentation (it does not require numerical integrations), this
method still suffers on some limitations. One of these is due
to assumption that the planet starts on zero-eccentricity or-
bit. Due to very strong gravitational perturbations produced
by the stellar companion on the planetary motion, this as-
sumption can scarcely be correct.
Another limitation is related to the detection of the
planets in binary systems and consequent determination of
their orbits through the best-fitting procedures. It seems
unlikely that the sets of the osculating orbital elements of the
planets provided will be compatible with the circular orbits
needed in applying the Holman & Wiegert (1999) criterion.
Our MAcD–criterion can overcome this limitation, since it
is based on the implementation of numerical integrations
which use the sets of the orbital parameters of the planets
as input.
2.4 Extension to the 3D
The MAcD–criterion can be easily extended to the inclined
to the reference plane orbits. Indeed, since the maximum
distance of the planet from the central star in space is still
its apocentric distance, we can apply the same condition of
stability ap(1+ep) < Rcr, where Rcr is a radius of the sphere
of stability given by Equations (3), for the star A, and (4),
for the star B.
To test the stability of the inclined planetary orbits, we
construct the dynamical maps, each with a 400 × 400 grid
of initial conditions, on the (ap, Ip) representative planes,
with the planetary eccentricity fixed at ep = 0.05, again
with the planetary mass fixed at mp = 5 × 10−5M⊙. Our
previous study (Michtchenko et al. 2006) pointed out that
the initial angular conditions of the secular angle ∆̟ and
the argument of pericenter 2ωp can be fixed at either 0
◦
or 180◦, without loss of generality. The maps obtained are
shown in Figure 4.
We can see that the boundaries of the stable mo-
tion are well defined by the MAcD–criterion (red levels),
when the apocentric distances approach the critical values
RAcr = 4.7AU and R
B
cr = 4.4AU. The maximum values of
the planetary semimajor axis, for which the motions still re-
main stable, are ≈ 3.5AU and ≈ 3AU, for the stars A and
B, respectively. For smaller values of the semimajor axis,
there are zones of regular motion for any values of the plan-
etary inclination. The stable motion is robust at inclinations
below ∼ 40◦. Above this inclination, we can detect sporadic
chaotic solutions (red dots) deeply inside the region of the
stable motion. This is an indicator that the analysis of the
short-term stability is not sufficient in this case and must
be extended to a longer length-times. This will be done in
the next section, where we will show that the instabilities
at Ip > 40
◦ are originated by the Lidov–Kozai secular reso-
nance.
The method described in this section provides a global
view of the short-term stability of the system. It is concep-
tually simple, fast and easily implementable. It allows us to
detect promptly the domains of regular motion, avoiding,
in this way, long-term integrations and analysis of unstable
orbits. However, due to the analysis of orbital behaviour of
the planets over short timespans, this approach provides no
information on the long-term (of order of the lifetime of the
stars) stability of the system. The specific study on the sta-
bility of the planetary motion in the binary over the age of
the system will be done in the next section.
3 LONG-TERM DYNAMICAL STABILITY
Under a “long-term” stability we mean the stability of the
system over the lifetime of the central star. One way to as-
sess the long-term stability of the planet motion is direct N-
body numerical simulations, which, depending on the stellar
types and ages, must be done over several billions of years.
This approach suffers from several limitations and the most
serious from these is extremely high computing costs.
An alternative is the dynamical mapping of the domain
under study. This approach is also founded on purely nu-
merical integrations, but the time intervals of the simula-
tions are much shorter in this case, and, therefore, we are
allowed to explore a large set of initial conditions. Analyzing
the topological structure of dynamical maps, we can detect
the mechanisms which could induce long-term instabilities
in the planetary motion, and determine domains of their
action.
The topology analysis is based on the analytical mod-
eling of the general three-body problem briefly described in
the following (for more details, see Michtchenko et al. 2006).
In the Jacobian reference, the Hamiltonian which describes
the motion of the planet (mp) around one of the stars (mA),
with the second star (mB) as the disturber, is written as
(Brouwer & Clemence 1961)
H = HKep +HPert, (7)
where:
HKep = −GmpmA
2 ap
− GmB (mA +mp)
2 aB
, (8)
HPert = −GmpmB
rpB
−GmAmB
(
1
rAB
− 1
r2
)
, (9)
and ai is the osculating semimajor axis of i-th orbit, ~rB is
the position vector of mB relative to the center of mass of
mA andmp and ~riB is the distance betweenmi andmB; G is
the gravitational constant. Hereafter, the indices i = A, p,B
stand for the central star, planet and perturbing star orbits,
respectively.
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Figure 4. Same as in Figure 3, except in the 3D case, with ap and Ip being the semimajor axis and the inclination of the planet and
the initial eccentricity ep fixed at 0.05. The positive and negative values on x (y)–axis indicate that the initial ∆̟ (2ωp) are 0◦ or 180◦,
respectively.
Associated with the Keplerian part of the Hamiltonian,
a set of mass-weighted Delaunay’s elliptic variables is intro-
duced as
Mi=mean anomaly, Li=m
′
i
√
µiai,
ωi=argument of pericenter, Gi=Li
√
1− e2i ,
Ωi=longitude of node, Hi=Li
√
1− e2i cos Ii,
(10)
where ei and Ii are the eccentricities and inclinations, re-
spectively; µp = G(mA + mp), µB = G(mA + mp + mB),
m′p = mpmA/(mA+mp) and m
′
B = mB (mA+mp)/(mA+
mp +mB).
We assume that the planet and the perturbing star
are not involved in any mean-motion resonance of low or-
der. Thus we can perform numerically the averaging of the
Hamiltonian (7) with respect to the mean anomalies of the
planet and the disturber (Michtchenko & Malhotra 2004).
The secular Hamiltonian is then defined by
Hs = − 1
(2π)2
∫ 2π
0
∫ 2π
0
R(Li, Gi,Hi,Mi, ωi,Ωi) dMpdMB , (11)
where the Keplerian part is constant and therefore needs not
be considered.
3.1 Planar case
In this section, we construct the dynamical maps of copla-
nar motions, using a grid of 392×100 osculating initial con-
ditions on the (ep, ap)-plane and fixing the initial angular
variables at Mp = MA,B = 0 and ∆̟ = 0. Each initial
condition was integrated over 104 years (∼ 125 orbital pe-
riods of the binary or ∼ 10 secular periods, see Figure 2),
with the planetary mass fixed at mp = 5 × 10−5M⊙. The
solution obtained was Fourier analyzed, in order to calcu-
late the spectral number corresponding to the used initial
condition. The spectral number defines the degree of chaos
in the planetary motion: its small values correspond to reg-
ular motions, while its larger values correspond to unstable
motions (Michtchenko et al. 2002; Ferraz-Mello et al. 2005).
The results are shown in Figure 5. The grey color scale
is used to plot the spectral number: light regions correspond
to small numbers and regular motions, while the increas-
ingly dark tones indicate large numbers and unstable orbits.
The hatched patterns correspond to the domains where the
MAcD–criterion of stability is not satisfied over the chosen
integration timespan (see Sect. 2.1). The blue curves show
the families of the stable stationary solutions of the secular
problem given by the Hamiltonian model (11), frequently re-
ferred to as Mode I of motion (Michtchenko & Ferraz-Mello
2001); these solutions are also known as forced eccentricities
of the secular problem (Heppenheimer 1978; Giuppone et al.
2011). In the planar case, the secular problem is reduced
to one degree of freedom and the secular solutions are ob-
tained by plotting the energy and angular momentum levels
on the representative plane (for a detailed description, see
Michtchenko & Malhotra 2004). The secular planetary mo-
tion projected on the (ep, ap)-plane is an oscillation around
the corresponding equilibrium belonging to the blue curve.
The closer the initial condition is to the Mode I solution, the
smaller is the amplitude of the oscillation of its eccentricity.
This fact explains the very stable, nearly harmonic, dynam-
ics of the planet in the vicinity of the blue curve (light grey
region), even at larger values of ap.
However, it is worth stressing that the initial conditions
used in construction of the dynamical maps are osculating
orbital elements; thus, the comparison of the results of nu-
merical integrations to those provided by the secular model
(11) should be done carefully. Moreover, the mass of the dis-
turbing body is comparable to the mass of the central star;
this fact reduces the domain of the application of the first-
order in masses secular model (11). We plot in Figure 5, by
the red curves, the families of the secular stationary solu-
tions obtained through the purely numerical filtering pro-
cedure, as described in Giuppone et al. (2011). The devia-
tion of the analytically obtained family from that obtained
numerically (with no restriction on the perturbing mass)
clearly occurs at larger semimajor axes, when the perturba-
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Figure 5. Dynamic maps around α Centauri A (left panel) and B (right panel): long-term stability in the planar case. The grey scale
code represents the spectral number (stability indicator) in logarithmic scale: the lighter tones correspond to regular motion, while the
darker tones correspond to increasingly chaotic motion. The positive and negative values along the x-axis indicate that the initial values
of ∆̟ are 0◦ or 180◦, respectively. The hatched patterns represent ejected or collided orbits. The blue curves are families of stationary
solutions provided by the secular semi-analytical Hamiltonian (11), while the red curves are families obtained through numerical averaging
(Giuppone et al. 2011). The right-hand axes on both planes are the planetary semimajor axis in unit of the semimajor axis of the binary
(ap/aB).
tions due to the stellar companion become stronger. Since,
in this region, the planetary motion is stable only in the very
narrow vicinity of the Mode I, the correct determination of
the family is essential in this case.
The two families match each other at small semimajor
axes of the planet, up to ∼ 1.5AU (or ap/aB < 0.06 ),
for small eccentricities. The dynamical maps in Figure 5
show that the planetary dynamics in this case is very regular
(white color), even at very-high eccentricities. It is worth
noting that the HZs around the stars are located close to
these regions (see Section 4).
When the semimajor axis of the planetary orbit in-
creases, the perturbations due to the stellar companion be-
come stronger and the planetary motion increasingly non-
harmonic (except in the vicinity of the Mode I of motion).
The dark tones on the dynamical maps in Figure 5 con-
firm this fact. Several high order mean-motion resonances,
from 13/1 to up 20/1, are dense in these regions; they ap-
pear as thin horizontal strips on the dynamical maps. The
phenomenon can be also observed in the power dynamical
spectrum in Figure 2, where the resonant initial conditions
appear as vertically scattered dots, at ap > 2AU. Since these
resonances can destabilize the planetary motion, the long-
living planets are not expected to be found in this region.
Finally, at relative distances above 0.14 (in units of
the semimajor of the binary orbit), the planetary motion is
strongly chaotic and the planets are ejected from the binary
(hatched regions). The boundary of these domains match
the boundaries of short-term instabilities showed in Figure
3.
It is worth to emphasize the features of the planet
motion near the Mode I stationary solutions. Being ro-
bust and stable, even at large distances from the central
star, this is a favorite location of several known planetary
extra-solar systems (e.g., υ Andromedae c-d planet pair).
Michtchenko & Rodr´ıguez (2011) shows that, during migra-
tion, the planets are guided toward the stationary configu-
rations, independently on the specific migration mechanism.
Moreover, Giuppone et al. (2011) shows that the planet for-
mation is preferential on the orbital configurations corre-
sponding to the Mode I stationary solutions.
3.2 Three-dimensional case
We construct the dynamical maps on the plane (ep,Ip) of
the initial osculating values of the planetary eccentricity and
the inclination, with a terrestrial planet of mass mp = 5 ×
10−5M⊙. The spectral analysis method was applied on the
201 × 201–grid, with the spacings ∆ep = 0.004 and ∆Ip =
0.8◦. The initial semimajor axis of the planet was fixed at
ap = 1.0AU; for this value, the planet is distant from the
perturbing star and the first-order Hamiltonian model (11)
can be used to investigate the topology of the dynamical
maps.
The maps are shown in Figure 6. The positive and neg-
ative values on the x(y)–axis stand for the initial values
of the angle ∆̟p(2ωp) of 0
◦ and 180◦, respectively (see
Michtchenko et al. 2006, for more details). The power dy-
namical spectrum in Figure 2 allows us to estimate the sec-
ular period of the planet at ap = 1AU as ∼ 104 years. This
means that an appropriate timespan for simulations of the
secular dynamics must be of order of at least 105 years. The
chosen timespan of integration for our dynamical map was
500,000 years (∼ 6000 orbital periods of the binary), for
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Figure 6. Same as in Figure 5, except the long-term stability in the 3D case, with ep and Ip being the eccentricity and the inclination
of the planet and the initial semimajor axis fixed at 1.0AU. The positive and negative values on x (y)-axis indicate that the initial ∆̟
(2ωp) are 0◦ or 180◦, respectively. The blue and red curves represent the stable and unstable periodic solutions of the Hamiltonian (11),
respectively.
each initial condition on the grid; the orbits disrupted dur-
ing this time are shown by the hatched pattern in Figure 6.
The surviving orbits are shown by the grey scale code, from
light tones, for nearly periodic orbits, to darker tones, for
increasingly unstable orbits.
The two color curves represent the periodic solutions
obtained through the secular model (11). The blue curves
are location the of the stable periodic solutions, while the
red curves are locations of the unstable solution. The long-
living motions are expected to be found near the blue curves
and far from the red curves. Indeed, the analysis of the struc-
ture of the dynamical maps of the representative planes re-
veals that, for low inclinations Ip < 40
◦, the maps are dom-
inated by a light grey background, which means that the
low-inclination secular dynamics is regular.
In contrast, the vicinity of the red curves is dominated
by the darker tones, indicating unstable motions. The in-
stability is related to the existence of separatrices between
different regimes of motion. Their domains, at high incli-
nations, show complex dynamical behaviour, with the pres-
ence of several regimes of resonant motion (the detailed de-
scription of these regimes of secular motion can be found in
Michtchenko et al. 2006). The dominating behaviour is the
ep–Ip coupling, or Lidov–Kozai resonance, which destabi-
lizes the nearly circular orbits at Ip > 40
◦. For higher values
of eccentricity, the planetary dynamics is characterized by
the coupled large variation of the eccentricity and inclina-
tion and the libration of the angle ωp around ±90◦. The
domains of the Lidov-Kozai resonance are located on the
lower half-planes in Figure 6; the behaviour of the system is
very regular in these regions.
The ∆̟ secular resonance also exists in the high-
inclination regions; its domains are thin white strips along
the red curves. In this case, the secular angle ∆̟ librates
either around 0 or 180◦.
It is worth emphasizing that we have detected a large
portion of the chaotic orbits (black tones on the graphs in
Figure 6), but only a small quantity of these orbits are ac-
tually ejected from the system (dashed regions). This is be-
cause the chaotic processes are slow in the secular system
and the timespan of 500,000 years is not sufficient for de-
tecting the planetary escapes. However, the escapes are im-
minent and, as a consequence, it will be impossible to detect
the planets inside these regions of high instabilities.
4 DYNAMICAL EVOLUTION INSIDE THE HZ
Regardless of the robust long-term stability of the planetary
motion in the large domains around the stars of α Centauri,
the planetary evolution inside the HZs, should be analyzed,
in order to verify whether the planet motion is confined in-
side the HZ. The concept of the HZ itself, even when in-
troduced for single stars (e.g., Kasting et al. 1993), is very
complex. In binary stars, the definition of the HZ is fur-
ther complicated due to several additional aspects. One is
the combined radiation of both stellar components on the
terrestrial planet studied recently in several papers (e.g.,
Forgan 2012, Kaltenegger & Haghighipour 2013).
Another aspect concerns the large oscillations of the
orbital elements of the planet, that could affect the condi-
tions of habitability of the planet or even drive the planet
far from the HZ. This behaviour was studied in Eggl et al.
(2012, 2013), where the authors considered the averaged ef-
fects produced by the secondary star on the variation of
the eccentricity of the planet, yet in the case of coplanar
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Figure 7. Maps of the orbital distances of the planets around the star α Centauri A (left) and the star B (right). The grey scale
represents levels of the distance amplitude oscillation of the planet for different initial values of eccentricity and inclinations. The initial
semimajor axis is fixed at ap = 1.6AU, for α Centauri A, and ap = 0.9AU, for α Centauri B. The yellow, red, blue and green curves
represent the width of the HZ given by Forgan (2012), Eggl et al. (2013) and Kaltenegger & Haghighipour (2013), narrow and empirical.
Table 1. The inner and outer boundaries of the HZs (in AU) and
the HZs width in the α Centauri AB binary, calculated in Forgan
(2012), Eggl et al.(2013) and Kaltenegger & Haghighipour (2013)
(KH13) (conservative and optimistic definitions).
Authors Star Inner HZ Outer HZ Width
Eggl et al. (2013) A 1.12 1.81 0.71
KH13 conservative A 1.20 2.07 0.87
KH13 optimistic A 0.92 2.18 1.30
Forgan (2012) B 0.65 0.90 0.25
Eggl et al. (2013) B 0.65 1.13 0.48
KH13 conservative B 0.71 1.26 0.55
KH13 optimistic B 0.54 1.32 0.78
and initially circular planetary orbits. In this work we ex-
plore the conditions for which the planets remain inside the
HZ, in the case of eccentric and inclined orbits. For this, we
use the different definitions of the HZs around the α Cen-
tauri stars given in the papers Forgan (2012), Eggl et al.
(2013) and Kaltenegger & Haghighipour (2013)(see Table
1). It should be emphasized that these definitions are not
equally weighted. In fact, the KH13 definition can be con-
sidered more realistic because it takes into account the pres-
ence of an atmosphere on a terrestrial or super-Earth planet.
However, the detailed discussion on the HZ calculations is
out of the scope of this paper.
For each definition from Table 1, we calculate the max-
imum and minimum distances of the planet from the cen-
tral star, for different initial eccentricities and inclinations
of the planet orbit and the initial semimajor axis fixed at
ap = 1.6AU, around α Centauri A, and ap = 0.9AU, around
α Centauri B; these values roughly correspond to the aver-
aged positions of all HZs defined in Table 1.
The numerical test is done using numerical integrations
of planetary orbits over 10,000 years. The values of the max-
imal and minimal distances obtained are compared to the
width of the HZs, in order to infer whether the planet re-
main within the HZ boundaries over 10,000 years (∼ 125
orbital periods of the binary).
The difference between the maximal and minimal dis-
tances of the planet from the central star is plotted on the
(ep, Ip)–planes in Figure 7, using the grey scale code: the
difference is smaller in the light regions and larger in the
dark regions. The regions in white tone correspond to the
minimal possible deviations of the planet from the center of
the HZ. The simple comparison with the graphs in Figure
6 allows us conclude that these regions are associated with
the Mode I secular solutions whose location is given by blue
curves in Figure 6.
An interesting feature of this analysis is that initially
circular orbits exhibit significant deviations from the center
of the HZ, that, for high inclinations, could result in the
planets spending some time outside the HZs.
As discussed in Eggl et al. (2012), the planet remaining
inside the HZ during its evolution is not the only require-
ment for the planet to host life, and it is neither an excluding
factor. Even if the planet spends some time of its orbit out-
side the HZ, as long as the mean radiation received is still
within the HZ limits, the planet could be considered hab-
itable, although in a more restrict way. Nevertheless, it is
expected that orbits with smaller oscillations are able more
likely to sustain some kind of life.
It is also interesting to compare the orbital evolution of
a terrestrial S-type planet in α Centauri AB with the evo-
lution of the terrestrial planet in a planetary system, with a
Jupiter-sized planet. The comparison is done using the con-
figurations defined by the orbital parameters of α Centauri
AB, except, in the case of the planetary system, the binary
companion is replaced by a Jupiter-mass planet. The results
are shown in Figure 8, where the variation of the orbital dis-
tance of the planet revolving around α Centauri B is plotted
by the red curve, in the case when the perturber is the star
α Centauri A (1.1M⊙), and by the black curve, when the
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Figure 8. Time evolution of the planetary distance to α Centauri
B when the perturber is α Centauri A (red) and a Jupiter-mass
planet (blue).
perturber is a hypothetical Jupiter-mass planet (10−3M⊙).
In both simulations, the same orbital and physical param-
eters of the planet and perturbing body were used, except
the mass of the perturber. The initial semimajor axis and
the eccentricity of the planet were fixed at ap = 0.9AU (in-
side the HZ of the star) and ep = 0.016, respectively; note
that this value of the eccentricity corresponds to the actual
eccentricity of Earth. The initial orbital elements of the per-
turber were the same of the relative orbit of the α Centauri
binary.
We can observe in Figure 8 that the amplitudes of the
oscillation of the orbital distance of the planet are of the
same order of magnitude, despite that the perturbing masses
differ in order 3. This result is consistent with the theoret-
ical predictions of the restricted three-body models (e.g.,
Heppenheimer 1978) which state that the forced eccentric-
ity of the test particle is independent on the masses of the
large bodies (at least, in first order in masses). Therefore,
the orbital distance oscillation of the planet in the binary
system is similar to that of a terrestrial planet perturbed by
a giant planet. The main difference is the timescale of the
oscillation: it is of order of 104 years, in the binary system,
and of order of 107 years, in the planetary system. However,
this difference seems to be not important in the context of
the Continuously Habitable Zone.
In addition, we have obtained that, in the case of the
real Earth-Jupiter system, the forced eccentricity of the
Earth’s orbit is equal to 0.016; in the case of a putative
terrestrial planet orbiting α Centauri B, the forced eccen-
tricity of the planetary orbit is equal to 0.032. Calculating
the variation of the orbital distances in both cases, we have
found that its amplitude is ∼ 0.032AU, for the Earth’s or-
bit, and ∼ 0.07 AU, for the planet located near the Mode I
stationary solution of the HZ of α Centauri B, that is, both
variations are of same order of amplitude. This result brings
positive perspectives of finding habitable planets in binary
star systems.
5 SUMMARY
In this work, we present a methodology to analyze the plan-
etary dynamics of S-type orbits in binary star systems. We
develop a short-term stability criterion (MAcD–criterion),
which is based on the Hill concept of stability. Since this
method does not require any kind of expansion and aver-
aging of the disturbing function, there are no constrains on
neither the mass of the disturbing body nor the eccentric-
ity/inclination of its orbit. We apply our approach to the
α Centauri binary system with a hypothetical Earth-like
planet, orbiting one of the stars (S-type orbit), and show
that the purposed criterion provides a global view of the
stable and unstable domains in the space of the orbital ele-
ments. It is worth emphasizing that our approach is simple,
fast and easily implementable. Its main purpose is to detect
promptly the domains of regular motion, avoiding, in this
way, long-term integrations and analysis of unstable orbits.
It also allows us to quickly assess the stability of the best-fit
solutions in the determination of the planetary orbits hosted
by binary stars.
The long-term stability of the planetary orbits in the
HZs of the α Centauri binary system is studied using the
secular Hamiltonian approach. We show that the behaviour
of the planets is well described by the first-order in masses
model. The secular planetary motion is regular, even at
high eccentricity domains of the HZs. There are no signifi-
cant mean-motion resonances that could destabilize the sec-
ular dynamics. The stability of the planets is also detected
through the 3D–analysis, at low and moderate inclinations
of the planetary orbits (< 40◦). For higher inclinations, the
dominating regime of motion is the Lidov–Kozai resonance,
which is separated from the purely secular regime of motion
through the layers of strongly chaotic motion. Even though
there are domains of very stable motion in the Lidov–Kozai
resonance, the large excursions of the planetary eccentrici-
ties and inclinations seem to be unfavorable for the evolu-
tion of life inside the HZs. Beyond the HZ, where high-order
mean-motion resonances take place, the first-order model
fails. Thus, a second-order in masses model, as well as the
modeling of the resonant behaviour, would be required to
further study of this region.
Analyzing the dynamics of the planets evolving inside
the HZs of the α Centaury stars, we obtain that the plane-
tary orbits will remain within the boundaries of the HZs, if
their eccentricities and inclinations are constrained to values
close to the stationary solutions of the secular problem, the
Mode I solutions. In this favorable scenario, the amplitude of
the orbital distance variations are comparable to the ampli-
tudes of the Earth’s orbit, with the only difference being the
timescales of the variations. The real effects of this on the
planetary climate and geological conditions are still poorly
known and it is expected that further interdisciplinary stud-
ies could bring to light considerable new information on this
issue.
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